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Abstract
Making use of the eective eld theory expansion recently developed by the
authors, we compute the electromagnetic form factors of the deuteron ana-
lytically to next-to-leading order (NLO). The computation is rather simple,
and involves calculating several Feynman diagrams, using dimensional regu-
larization. The results agree well with data and indicate that the expansion




The techniques introduced by the authors in refs. [1] put the study of low energy two-
nucleon interactions on the same footing as chiral perturbation theory in the mesonic and
single nucleon sectors [2]. In particular, there is a systematic low momentum expansion, such
that at any given order one need only calculate a nite number of Feynman diagrams to arrive
at an analytic result. The procedure is superior in several ways to the conventional technique
of solving the Schrodinger equation with a potential constructed to t the scattering data:
(i) There is a well dened expansion parameter, and one can estimate errors at any given
order in the expansion; (ii) it is straightforward to incorporate relativistic and inelastic
eects within the expansion; (iii) analytic results allow one to see quite simply the relative
importance of short- and long-distance physics to a given process; (iv) there is no ambiguity
concerning o-shell matrix elements when calculating physical processes; (v) at low orders
in the expansion, the number of free parameters to be t to the data is few, and the same
parameters are used in all processes. The results at lower orders in the expansion are
therefore very constrained.
Until now, the techniques of ref. [1] have only been applied to reproducing scattering
phase shifts. While a necessary rst step, tting the phase shifts does not seriously test
the method, as the low energy phase shifts can be well t by rather simple functions of few
parameters. What is needed are calculations of dynamical processes that involve the same
interactions as are t to the NN phase shifts. The obvious ones to consider areNN ! NN,
NN ! d, parity and isospin violation in NN processes, pp ! de
+
, and the deuteron
electromagnetic form factors. In this paper we present the perturbative calculation of the
deuteron electromagnetic form factors at NLO. This subject has been addressed previously
in the context of eective eld theory in refs. [3,4], although using a somewhat dierent
formalism and involved numerical, as opposed to analytical, calculations. We preface the
calculation with a brief review of our expansion, and a discussion of the deuteron. After
identifying the graphs contributing the electromagnetic form factors, we show explicitly that
there is no ambiguity arising from the fact that the nucleons in a deuteron are not on their
mass shell, even though the couplings in the eective theory are t to NN scattering data.
We conclude with a discussion of features that will appear in the NNLO (next-to-next-to
leading order) calculation of the form factors.
II. EFFECTIVE FIELD THEORY FOR NN INTERACTIONS
In order to compute the electromagnetic form factors of the deuteron, we must consider
the possible interactions between nucleons, pions and photons. In an eective eld theory,
these interactions take the form of local operators, constrained only by the symmetries of
QCD and QED. In this section we discuss the form of the operators that occur to the
order that we will be working, and then turn to the issue of power counting, which allows a
consistent expansion of the form factors.
2
A. Interactions
Terms in the eective Lagrangian describing the interactions between nucleons, pions








+ : : : ; (2.1)
where L
n
contains n-body nucleon operators.
L
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;A) and the pion elds ; it does not






































where L 2 SU(2)
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) + : : : : (2.5)
The ellipsis denotes operators with more covariant derivatives D








), or factors of the electric and magnetic elds. Acting on































where U is a complicated nonlinear function of L;R and the pion elds themselves. Since U
depends on the pion elds it has spacetime dependence. The nucleon elds are introduced











symmetry as N ! UN and under U(1)
gauge transformations as N ! e
iQ
em













































































































) are isoscalar and isovector nucleon magnetic
moments in nuclear magnetons, with

p
= 2:79285 ; 
n
=  1:91304 : (2.12)
The ellipsis in eq. (2.11) denotes higher order terms that do not contribute at the order we
are working.
Finally it remains to consider the two body operators. Some of these were discussed in
refs. [1]; however, since we will be computing electromagnetic form factors of the deuteron
there are additional considerations that didn't arise in the NLO calculation of nucleon phase
shifts.
First we will consider the two-body operators involving nucleons alone, then we will look
at those containing a photon; to the order we will be working, we need not consider two-
body operators involving pion elds. In the spin triplet channel, there is one NN contact









; the coecient of this operator is taken to be C
0
. There is
an additional contact interaction involving no derivatives and one insertion of the quark
mass matrix, with coecient D
2
; it can be distinguished from the C
0
interaction by its
chiral properties. There are ve contact interactions involving two gradients, corresponding
























transition. Only the rst and the last of these are relevant for the deuteron;








transition interaction. Thus the only r
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and polarization j, the Born



































The form of the C
2
amplitude is xed by Lorentz invariance (which is equivalent to Galilean
invariance to the order we work), and by the normalization we used in ref. [1], where in the
4












discussed in appendix B, while one can construct a two-body contact interaction with one
factor of @
0
instead of two gradients, for any S-matrix element (including those involving the
deuteron) one can use the equations of motion to eliminate time derivatives for gradients.
Thus no independent @
0
contact interaction needs to be introduced.
Including gauge elds introduces several two-body contributions to the electromagnetic
current. Firstly, the C
2
interaction described above becomes gauged. Secondly there are
two new two-body magnetic moment type interactions. In order to write L
2
compactly we
dene the matrix P
i


































where the  matrices act on the nucleon spin indices, while the  matrices act on isospin
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and the ellipsis refers to contact interactions irrelevant for the deuteron channel, or of higher
order than we will be considering. The new coupling L
2
corresponds to an interaction that
did not enter the calculation of NN scattering, but which aects the deuteron magnetic
form factor. As written, eq. (2.15) is not chirally invariant, which can be remedied by an
appropriate insertion of the  elds; however, since the two-body operators with pions do
not contribute at NLO, we omit them.
B. Power counting
We begin by summarizing the results of refs. [1]. The starting point is an eective
Lagrangian for nucleons, pions and photons. The part of the Lagrangian describing purely
mesonic interactions, as well as interactions between mesons and a single baryon, is the
conventional chiral Lagrangian. In addition there are local interactions corresponding to
short distance interactions between two nucleons. These contact interactions are expanded
in powers of derivatives and insertions of the quark mass matrix, m
q
. (Isospin violation from
the dierence between the up and down quark masses is neglected. Consequently insertions
of m
q
are equivalent to factors of m
2


















































channels. The next lowest dimension two-body operators involve a factor of p
2
,




. There are seven independent p
2













































channels. At higher powers of
derivatives, the number of contact interactions quickly grows.
Central to eective eld theory is a power counting scheme which allows one to calculate
consistently to any given order in the low energy expansion. A main point in refs. [1] was to
develop the PDS subtraction scheme which allows one to readily identify the order of any
particular Feynman graph. The scheme involves computing loop diagrams using dimensional
regularization, and then subtracting o the poles in dimensions D  4, which correspond to





































































 ME   i") : (2.17)
The last step includes the nite subtraction mandated in the PDS scheme. The parameter
 is the renormalization scale and physical observables are independent of it. In fact, one
may set  to zero and recover the usual minimal subtraction scheme (MS) with  = 0 if
one wishes
2
. However, a change in  must be compensated by the renormalization group
ow of the couplings in the theory. Therefore, what is a weak coupling at one value of 
can be strong at another, which eects how one denes the power counting scheme.
Rapid scaling with  is only an issue for two body operators, and then only for those








channels. Consider a four nucleon
contact interaction connecting angular momentum states L and L
0
, where conservation of
angular momentum and parity requires jL   L
0
j to equal zero or two. We assume that the
operator involves m insertions of the quark mass matrix, 2d  (L+L
0
+2n) spatial gradients,




. By examining the coupled renormalization group equations in






































' 300 MeV: (2.19)
Here M is the nucleon mass, g
A
= 1:25 is the axial current coupling and f = 132 MeV is
the pion decay constant.
The coecients of the four-nucleon contact terms that have explicit factors of the elec-
tric eld E or the magnetic eld B scale similarly to those in eq. (2.18), counting gauge
elds as derivatives. For example, the L
2
operator in eq. (2.15) counts as a two-derivative,
L = L
0




. The rapid scaling of the oper-
ators contributing to S-wave processes is what makes our expansion dierent than the one
proposed by Weinberg [5].
Armed with the above results, we are able to arrive at a particularly simple set of rules
for determining the order of a graph. Choosing the scale   p  m

 Q we perform an
expansion in Q, where
1. Each nucleon or pion propagator scales as Q
 2
;




q scales as Q
5
;
3. A gradient at a vertex contributes Q
1
, while each time derivative scales as Q
2
;
4. An insertion of the quark mass matrix m
q
at a vertex counts as Q
2
;
5. The coecient of the contact interactions scale according to eq. (2.18).
The rst three rules follow simply from the scaling of four momenta q

appropriate to the






. The fourth rule is familiar from conven-







. The procedure for calculating physical
quantities of interest is to write down the most general eective eld theory consistent with
gauge invariance, chiral symmetry and Lorentz invariance
3
, and then compute the desired
matrix element to a given order in the Q expansion, following the above rules. Note that ac-
cording to the power counting rules, a loop with two propagators entails a factor of Q, while




with L = L
0
= d = m = 0,
dened to be C
0
) scales as 1=Q; thus any graph may be dressed by an innite bubble chain
with C
0
interactions without changing the order of the graph.
3
Rrelativistic corrections are accounted for as perturbations according to the above power counting
rules, and at the order we work the theory only appears Galilean invariant. The procedure for
dealing with relativistic corrections perturbatively requires distinguishing between potential and
radiation pions at NNLO, as discussed in [1].
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III. THE DEUTERON FORM FACTORS
A deuteron with four-momentum p

and polarization vector 

is described by the state













































is the deuteron mass. It is convenient to choose the basis polarization vectors






. Deuteron states with these polarizations are
denoted by jp; ii (i.e., jp; ii  jp; 

i
i) and satisfy the normalization condition
hp
0














In terms of these states and to leading order in the nonrelativistic expansion, the matrix









































































































where q = p
0





























As shown in appendix A, the form factors are readily calculated by computing in pertur-
bation theory the irreducible two-point function , and the irreducible three-point function
 

. In the present context, \irreducible" means the sum of graphs which do not fall apart
when cut at any C
0
vertex. The matrix element of the electromagneic current is then given






















where B is the deuteron binding energy and E is the energy of the incoming two nucleon




+ + + ...
FIG. 1. The perturbative expansion of . The rst row has the leading O(Q) result; 
 repre-
sents an insertion of the interpolating eld dened in eq. (3.7). The second row has the complete
subleading O(Q
2





third row shows a couple of O(Q
3
) NNLO contributions, which we do not calculate here: the ex-
change of two potential pions, and the dressing of C
0
(the pointlike NN vertex) by a radiation
pion.




+ : : : ; E  (p
0
  2M); (3.6)
where the ellipsis refers to relativistic corrections to the energy-momentum relation. E
0
is
the analogous quantity for the outgoing nuclon pair. By Lorentz invariance,  and  

can
only depend on the energy and momentum in this combination.
We can now expand the relation eq. (3.5) in perturbation theory and determine the form
factors by comparing the result with eq. (3.3). The two-point function has the graphical
expansion shown in Fig. 1, where the 
 vertices represent the insertion of an interpolating
eld D
i












is the projection dened in eq. (2.14). The form factor one calculates does not
depend on the particular choice for D
i
, so long as it is used consistently.
By examining the graphs and using the power counting outlined in the previous section,
one sees that  begins at order Q
1
| the leading graph has two nucleon propagators and
one loop. At subleading order, O(Q
2
), there are three two-loop graphs, one involving the






















) there are a host of diagrams, including the exchange of two potential pions, or one
radiative pion, as well as p
4
relativistic corrections to the nucleon propagator, etc. We have
calculated  to O(Q
2
), and the results are presented in appendix A.
A. The NLO computation of the electric form factors















FIG. 2. The expansion of  
0
. In all of these graphs, the photon corresponds to A
0
with the
minimal coupling to the proton propagator, arising from the gauged nucleon kinetic energy term.





. The second row are the
subleading graphs at O(Q
0
), summing to give  
0
(0)
. In the third row are several graphs contributing
at the O(Q
1
): a dressing of the photon-nucleon vertex, a relativisitic correction to the nucleon
propagator, and an exchange current contribution.
and subleading O(Q
0
) contributions are presented in appendix A. Once  
0
is computed in






















































) contribution to  
0
and  respectively. We have suppressed
the q dependence of  
0
, and its polarization indices. Furthermore everything is evaluated
on-shell, E = E
0
=  B. Since d=dE  O(Q
 2
), the rst bracket in eq. (3.8) is O(Q
0
), the
second bracket is O(Q
1
), etc. Therefore, taking into account the explicit factors of q in the


















































) = 0 ; (3.10)




The subleading form factors are extracted from eqs. (3.8,A6,A18), and presented in





































































The operator with coecient D
2
does not contribute to these observables. Because of the
running of C
2
, the above expression is independent of  to the order we are working [1].




































A comparison with the experimental value is given in xIV.



































































































A comparison with the experimental value is given in xIV.
B. The NLO computation of the magnetic form factor
In order to calculate the magnetic form factor of the deuteron, we need the matrix element





jp; ji. This entails computing  
i
, using the coupling of the
spatial component of the gauge eld, A
i
, discussed in xIIA. The expansion of  
i
in Feynman





















Our task in computing F
M
is greatly simplied by recognizing from eq. (3.3) that we need







FIG. 3. The expansion of  
i
, where the photon corresponds to the vector potential A
i
. The rst
graph is the LO contribution at O(Q
0
), while the remaining graphs are the NLO contributions at
O(Q
1













vertices by the symbols , , and  respectively.
vectors. It is straightforward to check that none of the graphs shown in Fig. (3) contribute
to F
M






















in eq. (2.11), or the four-nucleon operator with coecient C
2
in

























































), simply the sum of the neutron
and proton magnetic moments.
At next order, Q
1
, there are contributions to F
M
arising from coupling the photon via
eq. (3.18), along with insertions of the C
2
operator or one pion exchange; There is also a
contribution from the two-body current arising from the L
1;2
operators in eq. (2.15). We
nd that there are no pion exchange current contributions at this order, nor any two-body
current contribution from the C
2
operator in eq. (2.15). With the exception of the two-body
contribution involving an explicit factor of B (see eq. (2.15)), all the graphs contributing
are all proportional to those giving rise to the electric form factors in Fig. (2). Therefore to
this order we can express the magnetic form factor in terms of the electric form factors and









































TABLE I. Electromagnetic properties of the deuteron
LO NLO (LO+NLO) Experiment [7]
RMS charge radius (fm) 1.53 0.36 1.89 1.963(4)
Magnetic moment (nuclear magnetons) 0.88 -0.02 (t) 0.86 (t) 0.85741
Quadrupole moment (fm
2
) - 0.40 0.40 0.2859(3)

























A comparison with the experimental value is given in the next section.
IV. COMPARISON WITH DATA
We now compare the analytic results of our perturbative expansion with experimental
data. We have evaluated these expressions at the same renormalization point  = m

used





) = 9:91 fm
4
(4.1)





do not enter our expressions explicitly, but they do enter indirectly through
the constraint on the two-point function that the deuteron pole occurs at the correct binding
energy, eq. (A6). Given C
2
from the NN phase shift analysis, we have no new parameters
at through NLO for tting the electric form factors. As we have seen, for the magnetic form
factor, a single new parameter, L
2
, enters at NLO.
We rst consider that static moments, at q
2
= 0. We have analytic formulas for the
charge radius, the quadrupole moment, and the magnetic moment in eqs. (3.14), (3.16), and
(3.21) respectively. A comparison of these values to experiment is given in Table I. The
charge radius shows a rapid convergence to the measured value, which is encouraging. The
magnetic moment agrees well with experiment at LO, and then is t to the experimental
value at NLO by choosing the strength L
2
of the two-body magnetic operator appropriately.
The quadrupole moment vanishes at LO, and is o by  40% at NLO. It would be useful
to compute the NNLO contribution to 
Q
to see if it exhibits the same convergence as the
charge radius.
Of greater interest is the comparison of the form factors over a range of q
2
, as we should
be able to see at what momentum the expansion begins to fail; our naive estimate is that
the expansion is in powers of q=2
NN
 q=(600 MeV). The dierential cross section for
































FIG. 4. A plot of A(q
2
) vs. q in GeV for elastic electron-deuteron scattering. The dashed line
shows the result of the LO calculation, while the solid line is the NLO prediction. There are no
free parameters at this order.































). In order to compare with data, we take our analytic results for the


















































We see that to the order we are working, A is sensitive only to the electric form factor
F
C
, while B depends only on the magnetic form factor F
M
. A comparison of A and B with
experimental data in Figs. (4,5) shows that our expansion is quite successful, and converging
rapidly, in the kinematic regime where it is expected to work. The data for Fig. 4 was taken
from ref. [8], and the error bars are smaller than the size of the points; the data for Fig. 5
comes from refs. [8{11].
V. CONCLUSIONS
We have demonstrated that one can compute properties of the two nucleon system to
surprising accuracy simply by calculating several Feynman diagrams. The technique for
doing this was introduced in refs. [1] where it had been shown how to work at NLO for NN
phase shifts in both spin singlet and triplet channels. While encouraging, those results were
not denitive as the NLO calculation required three free parameters in both spin channels.
The true test of the theory has been presented in this paper with the computation of the
electromagnetic form factors of the deuteron | by using the parameters t to scattering
14
B(q2)





FIG. 5. A plot of B(q
2
) vs. q in GeV for elastic electron-deuteron scattering. The dashed line
shows the result of the LO calculation, while the solid line is the NLO prediction. There is one free
parameter at this order, L
2
.
data, we are able to reproduce very well at NLO both the electric and magnetic form factors







our results are analytic, it is straightforward to analyze what features in the data are due to
short versus long distance physics. A central feature of our expansion | that pion exchange
is perturbative | is supported by the success of our t to the form factors.
One feature of our results which is especially encouraging is the evidence that the expan-
sion is converging rapidly. This is apparent in the improvement of the ts to e d scattering
data in going from LO to NLO, improvements in the static moments of the deuteron. The
RMS charge radius presented in Table I deviates from the experimental value by  20% at
leading order, but only  4% at next-to-leading order. The magnetic moment was o by
 3% at leading order, and exact at next-to-leading order, due to the contribution of a new
operator.
Since the NLO result for the quadrupole form factor is the rst nonvanishing term in
its expansion, it is expected to work less well. At the level we are working, the quadrupole
form factor does not contribute to e d scattering, however, we can compare the quadrupole
moment with experiment, and it is  40% too large. We expect this error to be substantially
reduced in the NNLO calculation, which includes among other things the exchange of two








transitions. In general, it would be interesting
to compare NNLO results for all of the form factors. Other eects that enter at this order
are relativistic corrections, radiation pions, and nucleon form factors.
There remain a number of NLO calculations to be done in the two nucleon system, and
we are optimistic about their success. Extending this procedure to the three body system
and beyond remains a fascinating challenge [12].
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1. Irreducible Green functions
In this appendix we derive eq. (3.5) which is central to our calculation of the deuteron










is the projection dened in eq. (2.14). The full propagator G is dened as the time





















E +B + i"
; (A2)
where B is the deuteron binding energy. By Lorentz invariance, the propagator only depends
on the energy in the center of mass frame, namely




+ : : : ; E  (p
0
  2M); (A3)
where the ellipses refers to relativistic corrections to the dispersion relation. The numerator
Z in eq. (A2) is assumed to be smooth near the deuteron pole, and when evaluated at the
pole gives the wavefunction renormalization Z,










It is convenient to dene \irreducible" Green functions as the sum of graphs which do not
fall apart when the graph is cut between incoming and outgoing nucleons at the four-fermion
vertices proportional to C
0
. The irreducible 2-point function is denoted by , and has the


































G = Σ + Σ Σ + ...
FIG. 6. The expansion of of the full 2-point function G in terms of the irreducible 2-point
function .
Gµ = Γ + Σ Γ ΣΓ+ ...+µ µ µ
FIG. 7. The expansion of full three-point function G

in terms of the irreducible two- and
three{point functions ,  

.
In general, unphysical quantities such as Z, C
0
, the deuteron wavefunction, etc. will depend
on the renormalization scale , while S-matrix elements will be -independent.
In order to compute the matrix element of the electromagnetic current between two











































  p) is the photon momentum. G

is related to the desired form

























where G(E) is dened in eq. (A2). It is convenient to reexpress this formula in terms  and
the irreducible 3-point function, which we call  

. It is easy to see graphically (Fig. 7) that









































Making use of this relation and eqs. (A5-A6,A8) allows us to reexpress the matrix element









































It is this relation that has a simple perturbative description in terms of Feynman graphs.
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2. Computing 












). The leading contribution to  is shown in the rst row of Fig. 1,
and isO(Q) according to the rules of the previous section. These graphs are readily evaluated












The subleading contribution is O(Q
2
) and one must compute the three graphs shown in the


































































To the order we are working we truncate the expansion in eq. (3.6) to the nonrelativistic
result,





the rst relativistic correction enters at NNLO, or O(Q
3
). Other NNLO contributions are
shown in the third row of Fig. 1, and include the exchange of two potential pions, or one
radiative pion (see [1] for discussion) as well as several other graphs.
From eq. (3.5) we see that what is needed is d=dE evaluated at E =  B. From






























































states arises from the three-point function  
0
( 1)
















where q = jqj is the magnitude of the photon 3-momentum, and  was dened above in
eq. (A16).
At subleading order we need to sum the diagrams in the second row of Fig. 2. In each
case, there is a minimally coupled A
0
photon coupled to the proton propagator, with either




























































































































































where (x) is dened in eq. (3.13).
As discussed in the text, the calculation of the parts of  
i
which are antisymmetric in the




APPENDIX B: NO OFF-SHELL AMBIGUITY | AN EXPLICIT
COMPUTATION
When working with potential models for NN interactions one often faces ambiguities
about how to continue matrix elements o-shell. In an eective eld theory approach, there
is no such ambiguity. All uncertainties arising in a consistent calculation are due to higher
order operators neglected at the order on is working. To illustrate this, we consider the




































One might worry that in fact there are four-nucleon contact interactions involving the combina-
tion a covariant time derivative D
0





In fact, such an operator may be eliminated by using the equations of motion. We demonstrate


















being the electric charge matrix. The operator O is not Galilean invariant but nonethe-
less we can in principle consider how it enters the NLO calculation of the deuteron form










N(x; t) = 0 : (B3)
One might naively think that the equations of motion imply that the operator O will not
enter a calculation of NN phase shifts (as the nucleons are on-shell in that process), yet
that O will aect deuteron matrix elements, since the nucleons are not on-shell in a bound
state. This would mean that a new constant enters the deuteron calculation which cannot
be determined vis NN scattering.
However, this is reasoning is incorrect, and we now show by explicit calculation that
operator O does indeed vanish when considering deuteron matrix elements. This result is
consistent with general theorems of eld theory that state that o-shell matrix elements
are arbitrary (they can be changed by making a eld redenition) and that the S-matrix
elements never depends on them (even when the matrix element is between bound states).
As an example, consider the contribution to the deuteron three-point function  
0
of the





















= E + q
0
. The rst graph, Fig. 8(a), includes the photon-independent part of O
and a minimally coupled A
0




































= 0 ; (B5)
where D ! 4 at the end of the calculation. To evaluate this integral, we used the fact








= 0 : (B6)
The second graph in Fig. 8 is similar, and proportional to
5
To be chirally invariant, the covariant derivative should include pion elds, but as the pion
couplings do not enter to the order we are working, we have set them to zero.
20
(a) (c)(b)




. The gray circle










































































Finally, the third graph, Fig. 8(c), arises from the A
0






























It follows that the sum of the three graphs in Fig. 8 vanishes, and there is no o-shell
ambiguity arising from this new operator O. Similar remarks hold for other operators
with a single time derivative. Therefore we can choose to only include the two spatial
derivative operators in the Lagrangian (our interaction proportional to C
2
) and to eliminate
the analogous operators with a time derivative by the equations of motion | even though we
are considering nucleons bound in a deuteron. This result is not peculiar to the particular
regularization scheme we used.
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